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1. Introduction
Consider the boundary value problem (BVP)
(φ(u′′(t)))′′ = w(t)f (t, u(t), u′(t)), t ∈ (0, 1),
u(0) = u(1) =
∫ 1
0
g(s)u(s)ds,
φ(u′′(0)) = φ(u′′(1)) =
∫ 1
0
h(s)φ(u′′(s))ds.
(1.1)
The existence of symmetric positive solutions of BVPs has been studied by several authors in the literature; see [1–10]
and the references therein.
In this paper, we establish sufficient conditions for the existence, multiplicity and nonexistence of symmetric positive
solutions of BVP (1.1) by using fixed point theorem (Lemma 1.1). To the best of our knowledge, this is the first paper to
investigate sufficient conditions for the symmetric positive solutions for φ-Laplacian equation with integral boundary value
conditions, where the function f depends on the first-order derivative of the unknown functions. Therefore, it is interesting
and important to study the symmetric positive solutions for problem (1.1).
Lemma 1.1 ([11]). Let P be a cone of real Banach space E,Ω1 andΩ2 be two bounded open sets in E such that 0 ∈ Ω1 ⊂ Ω1 ⊂
Ω2. Let operator T : P ∩ (Ω2\Ω1)→ P be completely continuous. Suppose that one of the two conditions
(i) ‖Tu‖ ≤ ‖u‖, ∀ u ∈ P ∩ ∂Ω1 and ‖Tu‖ ≥ ‖u‖, ∀ u ∈ P ∩ ∂Ω2,
(ii) ‖Tu‖ ≥ ‖u‖, ∀ u ∈ P ∩ ∂Ω1 and ‖Tu‖ ≤ ‖u‖, ∀ u ∈ P ∩ ∂Ω2
is satisfied. Then T has at least one fixed point in P ∩ (Ω2\Ω1).
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Throughout the paper, we assume the following conditions hold.
(H1) φ is an odd, increasing homeomorphism from R onto R and there exist two increasing homeomorphisms ψ1 and ψ2 of
(0,∞) onto (0,∞) such that
ψ1(u)φ(v) ≤ φ(uv) ≤ ψ2(u)φ(v) for all u, v > 0.
Moreover, φ, φ−1 ∈ C1(R), where φ−1 denotes the inverse of φ.
(H2)w ∈ L1[0, 1] is nonnegative, symmetric on [0, 1] andw(t) 6≡ 0 on any subinterval of [0, 1].
(H3) f : [0, 1] × D→ R+ is continuous with D = R+ × R, R+ = [0,∞). For (t, u, v) ∈ [0, 1] × D, f (t, u, v) is symmetric in
t and even in v, i.e., f satisfies f (1− t, u, v) = f (t, u, v) and f (t, u,−v) = f (t, u, v).
(H4) g, h ∈ L1[0, 1] are nonnegative, symmetric on [0, 1], and 0 < µ = ∫ 10 g(s)ds ≤ 23 , 0 < ν = ∫ 10 h(s)ds < 1.
Remark 1.1. The assumption (H1) on the function φ was first introduced by Wang [12,13] and it covers the two important
cases when φ(u) = u and φ(u) = |u|p−2u, p > 1. Ma [7] and Zhang et al. [10] discussed the two cases respectively, so our
paper improves and generalizes the results of [7,10] to some degree.
2. Preliminaries
Let the space E = C1[0, 1] endowed with the norm ‖u‖ = max{‖u‖0, ‖u′‖0}, where ‖u‖0 = maxt∈[0,1] |u(t)|, be our
Banach space. Define P to be a cone in E by P = {u ∈ E : u(t) ≥ 0, u is concave, symmetric on [0, 1]}. Also, define, for
0 < r < R two positive numbers, Ωr and Ω r,R by Ωr = {u ∈ E : ‖u‖ < r}, Ω r,R = {u ∈ E : r ≤ ‖u‖ ≤ R}. Note that
∂Ωr = {u ∈ E : ‖u‖ = r}.
By regular computation, we have the following two lemmas.
Lemma 2.1. Assume (H1) and (H4) hold. Then for any v ∈ E, the BVPu
′′(t) = φ−1(v(t)), t ∈ (0, 1),
u(0) = u(1) =
∫ 1
0
g(s)u(s)ds
(2.1)
has a unique solution
u(t) = −
∫ 1
0
H(t, s)φ−1(v(s))ds,
where
H(t, s) = G(t, s)+ 1
1− µ
∫ 1
0
G(s, τ )g(τ )dτ , G(t, s) =
{
t(1− s), 0 ≤ t ≤ s ≤ 1,
s(1− t), 0 ≤ s ≤ t ≤ 1. (2.2)
Lemma 2.2. Assume (H2)–(H4) hold. Then for any u ∈ E, the BVP
v′′(t) = w(t)f (t, u(t), u′(t)), t ∈ (0, 1),
v(0) = v(1) =
∫ 1
0
h(s)v(s)ds
(2.3)
has a unique solution
v(t) = −
∫ 1
0
H1(t, s)w(s)f (s, u(s), u′(s))ds
with
H1(t, s) = G(t, s)+ 11− ν
∫ 1
0
G(s, τ )h(τ )dτ . (2.4)
Lemma 2.3 ([10]). If (H4) holds, then ∀t, s ∈ [0, 1], the following results are true.
(i) G(t, s) ≥ 0,H(t, s) ≥ 0,H1(t, s) ≥ 0;
(ii) G(1− t, 1− s) = G(t, s),H(1− t, 1− s) = H(t, s), H1(1− t, 1− s) = H1(t, s);
(iii) ρe(s) ≤ H(t, s) ≤ γ e(s), ρ1e(s) ≤ H1(t, s) ≤ γ1e(s)
with
ρ =
∫ 1
0 e(s)g(s)ds
1− µ , ρ1 =
∫ 1
0 e(s)h(s)ds
1− ν , e(s) = s(1− s), γ =
1
1− µ, γ1 =
1
1− ν ,
where H(t, s),G(t, s) and H1(t, s) are defined by (2.2) and (2.4), respectively.
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From Lemmas 2.1 and 2.2, we have the following result.
Lemma 2.4. Assume (H1)–(H4) hold. If u is a solution of problem (1.1), then
u(t) =
∫ 1
0
H(t, s)φ−1
(∫ 1
0
H1(s, τ )w(τ)f (τ , u(τ ), u′(τ ))dτ
)
ds.
We introduce the integral operator T : E → E by
Tu(t) =
∫ 1
0
H(t, s)φ−1
(∫ 1
0
H1(s, τ )w(τ)f (τ , u(τ ), u′(τ ))dτ
)
ds. (2.5)
So, now we have
(Tu)′(t) =
∫ 1
t
(1− s)φ−1
(∫ 1
0
H1(s, τ )w(τ)f (τ , u(τ ), u′(τ ))dτ
)
ds
−
∫ t
0
sφ−1
(∫ 1
0
H1(s, τ )w(τ)f (τ , u(τ ), u′(τ ))dτ
)
ds,
(Tu)′′(t) = −φ−1
(∫ 1
0
H1(t, s)w(s)f (s, u(s), u′(s))ds
)
.
For u ∈ P, (Tu)′′(t) ≤ 0, which implies (Tu)′(t) is nonincreasing on [0, 1]. Thus,
(Tu)′(1) = −
∫ 1
0
sφ−1
(∫ 1
0
H1(s, τ )w(τ)f (τ , u(τ ), u′(τ ))dτ
)
ds
≤ (Tu)′(t) ≤
∫ 1
0
(1− s)φ−1
(∫ 1
0
H1(s, τ )w(τ)f (τ , u(τ ), u′(τ ))dτ
)
ds
= (Tu)′(0),
which leads to
|(Tu)′(t)| ≤ max{−(Tu)′(1), (Tu)′(0)}
≤ max
{∫ 1
0
sds,
∫ 1
0
(1− s)ds
}
φ−1
(∫ 1
0
γ1e(τ )w(τ)f (τ , u(τ ), u′(τ ))dτ
)
=
∫ 1
0
sdsφ−1
(∫ 1
0
γ1e(τ )w(τ)f (τ , u(τ ), u′(τ ))dτ
)
. (2.6)
Lemma 2.5. Assume (H1)–(H4) hold. Then u ∈ E is a solution of BVP (1.1) if and only if u is a fixed point of the operator T .
Lemma 2.6. Assume (H1)–(H4) hold. Then, the operator T : P → P is completely continuous.
Proof. It is easy to prove that T preserves P . By a similar argument in [12], T : P → P is completely continuous, we omit
the details here. 
Lemma 2.7 ([12]). Assume (H1) holds. Then, ∀u, v ∈ (0,∞),
ψ−12 (u)v ≤ φ−1(uφ(v)) ≤ ψ−11 (u)v,
where ψ−11 and ψ
−1
2 denote the inverse of ψ1 and ψ2, respectively.
3. The existence of one symmetric positive solution
In order to state the following results we need to introduce the new notation:
f β = lim sup
‖u‖0+‖v‖0→β
max
t∈[0,1]
f (t, u, v)
φ(‖u‖0 + ‖v‖0) , fβ = lim inf‖u‖0+‖v‖0→β mint∈[0,1]
f (t, u, v)
φ(‖u‖0 + ‖v‖0) ,
δ =
ρψ−12
(∫ 1
0 ρ1e(τ )w(τ)dτ
)
γψ−11
(∫ 1
0 γ1e(τ )w(τ)dτ
) ,
σ = γ
∫ 1
0
e(s)dsψ−11
(∫ 1
0
γ1e(τ )w(τ)dτ
)
, ξ =
∫ 1
0
sdsψ−11
(∫ 1
0
γ1e(τ )w(τ)dτ
)
,
where β denotes 0 or∞, and ρ, γ , ρ1, γ1 are defined in Lemma 2.3.
660 Y. Luo, Z. Luo / Applied Mathematics Letters 23 (2010) 657–664
Remark 3.1. According to (H1), (H4) and the definition of γ , δ, we have 0 < γ ≤ 3 which implies 0 < σ ≤ ξ, 0 < δ < 1.
So, 0 < δσ
ξ
< 1.
Theorem 3.1. Assume (H1)–(H4) hold. In addition, suppose one of the following conditions is satisfied:
(i) There exist two constants r, R with 0 < r ≤ δσ
ξ
R such that f (t, u, v) ≥ φ ( 1
δσ
r
)
for (t, u, v) ∈ [0, 1] × [0, r] × [−r, r], and
f (t, u, v) ≤ φ
(
1
ξ
R
)
for (t, u, v) ∈ [0, 1] × [0, R] × [−R, R].
(ii) f0 > ψ2((
∫ 1
0 ρe(s)ds)
−1)(
∫ 1
0 ρ1e(τ )w(τ)dτ)
−1 and f∞ < ψ1((2
∫ 1
0 sds)
−1)(
∫ 1
0 γ1e(τ )w(τ)dτ)
−1 (particularly, f0 = ∞
and f∞ = 0).
Then problem (1.1) has at least one symmetric positive solution.
Proof. Let the operator T be defined by (2.5).
(i) For u ∈ P ∩ ∂Ωr , we obtain u ∈ [0, r] and u′ ∈ [−r, r], which implies f (t, u, u′) ≥ φ
( 1
δσ
r
)
. Hence for t ∈ [0, 1], by
Lemmas 2.3 and 2.7,
Tu(t) ≥
∫ 1
0
ρe(s)φ−1
(∫ 1
0
ρ1e(τ )w(τ)dτφ
(
1
δσ
r
))
ds
≥ ρ
∫ 1
0
e(s)dsψ−12
(∫ 1
0
ρ1e(τ )w(τ)dτ
)
1
δσ
r = δσ 1
δσ
r = ‖u‖,
i.e., u ∈ P ∩ ∂Ωr implies
‖Tu‖ ≥ ‖u‖. (3.1)
Next, for u ∈ P∩∂ΩR, u ∈ [0, R] and u′ ∈ [−R, R], which implies f (t, u, u′) ≤ φ
(
1
ξ
R
)
. Thus for t ∈ [0, 1], by Lemmas 2.3
and 2.7, and noting that 0 < σ ≤ ξ ,
Tu(t) ≤
∫ 1
0
γ e(s)φ−1
(∫ 1
0
γ1e(τ )w(τ)dτφ
(
1
ξ
R
))
ds
≤ γ
∫ 1
0
e(s)dsψ−11
(∫ 1
0
γ1e(τ )w(τ)dτ
)
1
ξ
R = σ 1
ξ
R ≤ ‖u‖,
i.e., u ∈ P ∩ ∂ΩR implies
‖Tu‖0 ≤ ‖u‖. (3.2)
From (2.6),
|(Tu)′(t)| ≤
∫ 1
0
sdsφ−1
(∫ 1
0
γ1e(τ )w(τ)dτφ
(
1
ξ
R
))
≤
∫ 1
0
sdsψ−11
(∫ 1
0
γ1e(τ )w(τ)dτ
)
1
ξ
R = ξ 1
ξ
R = ‖u‖,
which implies that for u ∈ P ∩ ∂ΩR
‖(Tu)′‖0 ≤ ‖u‖. (3.3)
By (3.2) and (3.3), we obtain that
‖Tu‖ ≤ ‖u‖, for u ∈ P ∩ ∂ΩR. (3.4)
(ii) Considering f0 > ψ2((
∫ 1
0 ρe(s)ds)
−1)(
∫ 1
0 ρ1e(τ )w(τ)dτ)
−1, there exists r > 0 such that f (t, u, v) ≥ (f0 −
ε1)φ(‖u‖0+‖v‖0), for t ∈ [0, 1], ‖u‖0+‖v‖0 ∈ [0, 2r], where ε1 > 0 satisfies ρ
∫ 1
0 e(s)dsψ
−1
2 (
∫ 1
0 ρ1e(τ )w(τ)dτ (f0 − ε1))≥ 1. Then, for t ∈ [0, 1], u ∈ P ∩ ∂Ωr , which implies ‖u‖0 + ‖u′‖0 ≤ 2r , we have
Tu(t) ≥
∫ 1
0
ρe(s)φ−1
(∫ 1
0
ρ1e(τ )w(τ)(f0 − ε1)φ(‖u‖0 + ‖u′‖0)dτ
)
ds
≥
∫ 1
0
ρe(s)φ−1
(∫ 1
0
ρ1e(τ )w(τ)dτ(f0 − ε1)φ(‖u‖)
)
ds
≥ ρ
∫ 1
0
e(s)dsψ−12
(∫ 1
0
ρ1e(τ )w(τ)dτ(f0 − ε1)
)
‖u‖ ≥ ‖u‖,
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which implies for u ∈ P ∩ ∂Ωr
‖Tu‖ ≥ ‖u‖. (3.5)
Next, turning to f∞ < ψ1((2
∫ 1
0 sds)
−1)(
∫ 1
0 γ1e(τ )w(τ)dτ)
−1, there exist R > 0 such that f (t, u, v) ≤ (f∞ +
ε2)φ(‖u‖0 + ‖v‖0), for t ∈ [0, 1], ‖u‖0 + ‖v‖0 ∈ (R,∞), where ε2 > 0 satisfies ψ1((2
∫ 1
0 sds)
−1)(
∫ 1
0 γ1e(τ )w(τ)dτ)
−1 −
f∞ − ε2 > 0. Set M = max‖u‖0+‖v‖0≤R, t∈[0,1] f (t, u, v). Then f (t, u, v) ≤ M + (f∞ + ε2)φ(‖u‖0 + ‖v‖0). Choose
R > max{r, R, 12φ−1(M[ψ1((2
∫ 1
0 sds)
−1)(
∫ 1
0 γ1e(τ )w(τ)dτ)
−1 − f∞ − ε2]−1)}. Hence for u ∈ P ∩ ∂ΩR, noting that
0 < σ ≤ ξ , we have
Tu(t) ≤
∫ 1
0
γ e(s)φ−1
(∫ 1
0
γ1e(τ )w(τ)[M + (f∞ + ε2)φ(‖u‖0 + ‖u′‖0)]dτ
)
ds
≤
∫ 1
0
γ e(s)dsφ−1
(∫ 1
0
γ1e(τ )w(τ)dτ
(
M
φ(2R)
+ f∞ + ε2
)
φ(2R)
)
≤ σ
ξ
∫ 1
0
sdsψ−11
(∫ 1
0
γ1e(τ )w(τ)dτ
(
M
φ(2R)
+ f∞ + ε2
))
2R ≤ R = ‖u‖,
i.e., u ∈ P ∩ ∂ΩR implies
‖Tu‖0 ≤ ‖u‖. (3.6)
By (2.6),
|(Tu)′(t)| ≤
∫ 1
0
sdsφ−1
(∫ 1
0
γ1e(τ )w(τ)dτ
(
M
φ(2R)
+ f∞ + ε2
)
φ(2R)
)
≤
∫ 1
0
sdsψ−11
(∫ 1
0
γ1e(τ )w(τ)dτ
(
M
φ(2R)
+ f∞ + ε2
))
2R
≤ R = ‖u‖,
which implies that for u ∈ P ∩ ∂ΩR
‖(Tu)′‖0 ≤ ‖u‖. (3.7)
By (3.6) and (3.7), we obtain that
‖Tu‖ ≤ ‖u‖, for u ∈ P ∩ ∂ΩR. (3.8)
Applying Lemma 1.1 to (3.1) and (3.4), or (3.5) and (3.8) yields that T has a fixed point u ∈ P∩Ω r,Rwith 0 < r ≤ ‖u‖ ≤ R.
It follows from Lemma 2.5 that problem (1.1) has at least one symmetric positive solution u. 
Theorem 3.2. Assume (H1)–(H4) hold. And suppose f 0 < ψ1((2
∫ 1
0 sds)
−1)(
∫ 1
0 γ1e(τ )w(τ)dτ)
−1, f∞ > ψ2((
∫ 1
0 ρe(s)ds)
−1)
(
∫ 1
0 ρ1e(τ )w(τ)dτ)
−1 are satisfied, then problem (1.1) has at least one symmetric positive solution.
4. The existence of multiple symmetric positive solutions
Theorem 4.1. Assume (H1)–(H4) hold, as do the following two conditions:
(i) f0 > ψ2((
∫ 1
0 ρe(s)ds)
−1)(
∫ 1
0 ρ1e(τ )w(τ)dτ)
−1 and f∞ > ψ2((
∫ 1
0 ρe(s)ds)
−1)(
∫ 1
0 ρ1e(τ )w(τ)dτ)
−1.
(ii) There exists b > 0 satisfying f (t, u, v) < φ
(
1
ξ
b
)
, (t, u, v) ∈ [0, 1] × [0, b] × [−b, b].
(iii) Then problem (1.1) has at least two symmetric positive solutions u1(t), u2(t), which satisfy 0 < ‖u1‖ < b < ‖u2‖.
Proof. Consider (i). If f0 > ψ2((
∫ 1
0 ρe(s)ds)
−1)(
∫ 1
0 ρ1e(τ )w(τ)dτ)
−1, it follows from the proof of (3.5) that we can choose r
with 0 < r < b such that
‖Tu‖ ≥ ‖u‖, for u ∈ P ∩ ∂Ωr . (4.1)
If f∞ > ψ2((
∫ 1
0 ρe(s)ds)
−1)(
∫ 1
0 ρ1e(τ )w(τ)dτ)
−1, then like in the proof of (3.5), we can choose Rwith b < R such that
‖Tu‖ ≥ ‖u‖, for u ∈ P ∩ ∂ΩR. (4.2)
Next, for u ∈ P ∩ ∂Ωb, we have u ∈ [0, b] and u′ ∈ [−b, b], then from (ii), we obtain f (t, u, u′) < φ
(
1
ξ
b
)
. Thus for
t ∈ [0, 1], like in the proof of (3.4), we have
‖Tu‖ < ‖u‖, for u ∈ P ∩ ∂Ωb. (4.3)
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Applying Lemma 1.1 to (4.1) and (4.3), or (4.2) and (4.3) yields that T has a fixed point u1 ∈ P ∩ Ω r,b, and a fixed point
u2 ∈ P∩Ωb,R. It follows from Lemma 2.5 that problem (1.1) has at least two symmetric positive solutions u1 and u2. Noticing
(4.3), we have ‖u1‖ 6= b and ‖u2‖ 6= b, so 0 < ‖u1‖ < b < ‖u2‖. 
Theorem 4.2. Assume (H1)–(H4) hold, as do the following two conditions:
(i) f 0 < ψ1((2
∫ 1
0 sds)
−1)(
∫ 1
0 γ1e(τ )w(τ)dτ)
−1 and f∞ < ψ1((2
∫ 1
0 sds)
−1)(
∫ 1
0 γ1e(τ )w(τ)dτ)
−1.
(ii) There exists d > 0 satisfying f (t, u, v) > φ
( 1
δσ
d
)
, (t, u, v) ∈ [0, 1] × [0, d] × [−d, d].
Then problem (1.1) has at least two symmetric positive solutions u1(t), u2(t), which satisfy 0 < ‖u1‖ < d < ‖u2‖.
5. The nonexistence of positive solution
Theorem 5.1. Assume (H1)–(H4) hold. If f (t, u, v) > φ
( 1
δσ
(‖u‖0 + ‖v‖0)
)
for all (t, u, v) ∈ [0, 1] × D, then problem (1.1)
has no positive solution.
Proof. Assume u(t) is a positive solution of (1.1), we have
‖u‖ = ‖Tu‖ ≥ Tu(t)
>
∫ 1
0
ρe(s)φ−1
(∫ 1
0
ρ1e(τ )w(τ)φ
(
1
δσ
(‖u‖0 + ‖u′‖0)
)
dτ
)
ds
≥
∫ 1
0
ρe(s)φ−1
(∫ 1
0
ρ1e(τ )w(τ)φ
(
1
δσ
‖u‖
)
dτ
)
ds
≥ ρ
∫ 1
0
e(s)dsψ−12
(∫ 1
0
ρ1e(τ )w(τ)dτ
)
1
δσ
‖u‖ = ‖u‖,
which is a contradiction. 
Theorem 5.2. Assume (H1)–(H4) hold. If f (t, u, v) < φ( 12ξ (‖u‖0 + ‖v‖0)) for all (t, u, v) ∈ [0, 1] × D, then problem (1.1)
has no positive solution.
6. Examples
Example 6.1. Let φ(u) = |u|u, g(t) = h(t) = 12 in (1.1). Now we consider the BVP
(φ(u′′(t)))′′ = w(t)f (t, u(t), u′(t)), t ∈ (0, 1),
u(0) = u(1) = 1
2
∫ 1
0
u(s)ds,
φ(u′′(0)) = φ(u′′(1)) = 1
2
∫ 1
0
φ(u′′(s))ds,
(6.1)
wherew(t) = 6, f (t, u, v) = (1+ sinpi t)(362 + u)(6+ cos v) for (t, u, v) ∈ [0, 1] × [0,∞)× (−∞,∞).
Let ψ1(u) = ψ2(u) = u2, u > 0. Then, by calculations we obtain that
µ = ν = 1
2
, ρ = ρ1 = 16 , γ = γ1 = 2, δ =
1
72
√
3, σ = 1
3
√
2, ξ = 1
2
√
2.
Clearly, the conditions (H1)–(H4) hold. Next, we prove that the condition (i) of Theorem 3.1 is satisfied.
In fact, choosing r = 1, R = 100, we have r < δσ
ξ
R, φ
( 1
δσ
r
) = 362 × 6, φ ( 1
ξ
R
)
= 2 × 1002. For (t, u, v) ∈
[0, 1] × [0, 1] × [−1, 1],
f (t, u, v) = (1+ sinpi t)(362 + u)(6+ cos v)
≥ 362 × 6 = φ
(
1
δσ
r
)
,
for (t, u, v) ∈ [0, 1] × [0, 100] × [−100, 100],
f (t, u, v) = (1+ sinpi t)(362 + u)(6+ cos v)
≤ 2× (362 + 100)× 7
< 2× 1002 = φ
(
1
ξ
R
)
.
Hence, by Theorem 3.1, BVP (6.1) has at least one symmetric positive solution.
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Example 6.2. Let φ(u) = u, g(t) = h(t) = 12 in (1.1). Consider the BVP
(φ(u′′(t)))′′ = w(t)f (t, u(t), u′(t)), t ∈ (0, 1),
u(0) = u(1) = 1
2
∫ 1
0
u(s)ds,
φ(u′′(0)) = φ(u′′(1)) = 1
2
∫ 1
0
φ(u′′(s))ds,
(6.2)
wherew(t) = 6, f (t, u, v) = (1+sinpi t)(1+u) ( 1100 + v2) [1+ (‖u‖0 + ‖v‖0)2] for (t, u, v) ∈ [0, 1]×[0,∞)×(−∞,∞).
Letψ1(u) = ψ2(u) = u, u > 0. By calculations, ρ = ρ1 = 16 , ξ = 1. It is easy to see that the conditions (H1)–(H4) hold.
Next, we prove that the other conditions of Theorem 4.1 are also satisfied.
In fact,
f0 = f∞ = ∞ > ψ2
((∫ 1
0
ρe(s)ds
)−1)(∫ 1
0
ρ1e(τ )w(τ)dτ
)−1
,
and choosing b = 110 , for (t, u, v) ∈ [0, 1] × [0, 110 ] × [− 110 , 110 ],
f (t, u, v) = (1+ sinpi t)(1+ u)
(
1
100
+ v2
) [
1+ (‖u‖0 + ‖v‖0)2
]
≤ 2×
(
1+ 1
10
)(
1
100
+ 1
100
)(
1+ 4
100
)
= 44× 104
105
<
1
10
= φ
(
1
ξ
b
)
.
So, it follows from Theorem 4.1 that BVP (6.2) has at least two symmetric positive solutions u1(t), u2(t) satisfying
0 < ‖u1‖ < 110 < ‖u2‖.
Example 6.3. Let φ(u) = u, g(t) = h(t) = 12 in (1.1). Consider the BVP
(φ(u′′(t)))′′ = w(t)f (t, u(t), u′(t)), t ∈ (0, 1),
u(0) = u(1) = 1
2
∫ 1
0
u(s)ds,
φ(u′′(0)) = φ(u′′(1)) = 1
2
∫ 1
0
φ(u′′(s))ds,
(6.3)
wherew(t) = 6, f (t, u, v) = (12× 19+ sinpi t)(‖u‖0 + ‖v‖0) for (t, u, v) ∈ [0, 1] × [0,∞)× (−∞,∞).
Let ψ1(u) = ψ2(u) = u, u > 0. By calculations, δ = 1122 , σ = 23 . It is easy to see that the conditions (H1)–(H4) hold.
Next, we prove that the condition of Theorem 5.1 holds.
In fact, for (t, u, v) ∈ [0, 1] × [0,∞)× (−∞,∞),
f (t, u, v) = (12× 19+ sinpi t)(‖u‖0 + ‖v‖0)
> 12× 18(‖u‖0 + ‖v‖0)
= φ
(
1
δσ
(‖u‖0 + ‖v‖0)
)
.
Hence, by Theorem 5.1, BVP (6.3) has no positive solution.
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